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Abstract 
 
In this work a numerical procedure, based on a finite element approach, is proposed to simulate multiple three-dimensional crack propagation in a 
welded structure. Cracks are introduced in a friction stir welded AA2024-T3 butt joint, affected by a process-induced residual stress scenario. The 
residual stress field was inferred by a thermo-mechanical FEM simulation of the process, considering temperature dependent elastic-plastic material 
properties, material softening and isotropic hardening. Afterwards, cracks introduced in the selected location of FEM computational domain allow 
stress redistribution and fatigue crack growth. The proposed approach has been validated by comparison with numerical outcomes provided by a 
consolidated FEM-DBEM procedure, available in literature. The discussed procedures are substantially equivalent in terms of SIFs evaluation along 
the crack front at the cracks insertion, as well as with respect to crack sizes measured in three different points for each propagation step. This FEM-
based approach simulates the fatigue crack propagation by considering accurately the residual stress field generated by plastic deformations imposed 
on a structural component and has general validity. 
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Nomenclature 
 
FSW                    friction stir welding       
FEM                    finite element method  
DBEM                dual boundary element method 
FEM-DBEM       coupled finite and dual boundary element methods 
SIF                      stress intensity factor 
KI, KII, KIII       mode I, II and III of stress intensity factors 
KC                                     fracture toughness 
KIC                                    mode I fracture toughness 
3D                       three-dimensional 
LEFM                 linear elastic fracture mechanics 
MERR                maximum energy release rate 
VCE                   virtual crack extension 
ΔK                      stress intensity factor range 
ΔKth                                threshold value of stress intensity factor range 
Kmin                                 minimum value of stress intensity factor 
Kmax                                maximum value of stress intensity factor 
Kmax,th                            Kmax fatigue threshold 
A, n, m               Vasudevan’s law parameters 
J1,J2,J3                           mode I, II and III of J integral  
B                         term to set plain stress or plain strain 
α                          measure of stress triaxiality degree 
υ                          Poisson’s ratio 
ρ                          material density 
σyield                                 temperature dependent yield stress 
cp                                        specific heat 
n                          number of tool revolutions per minute  
k                          thermal conductivity  
q                          surface heat flux 
r                          radial position originating from the tool center  
T                         temperature 
     
                       volumetric heat source term                              
σij,j                                    components of stress tensor  
pj                                        components of volume forces     
t0                                        plate thickness 
G                         shear modulus                               
Geq                                    equivalent energy release rate      
Gmax,eq                            maximum of equivalent energy release rate       
A, B, C                crack sizes 
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Introduction 
 
Fatigue crack propagation in structural components has always been a challenging issues in several safety critical applications [1,2]. It is also well 
known that residual stresses, for instance induced at the manufacturing and welding stage, play a key role in crack growth rate [3,4]. Friction stir 
welding (FSW) is a relatively new solid state welding technology, whose application to aluminum structures is significantly increasing. Relevant 
benefits achievable by FSW process, with respect to conventional fusion welding, are related to the reduced porosity, distort ion, and residual stresses.  
In recent years, several studies have been carried out to develop numerical tools capable of predicting the fatigue behavior of welded structures, as 
detailed in [5-14], to cite but a few.  
In some cases the Boundary Element Method (BEM) is preferred, given the apparent simplification of re-meshing procedures, especially when 
dealing with mixed mode problems [15,16,17]. A BEM model, implemented for the simulation of crack propagation in FSW joints has been proposed 
and discussed by some of the present authors in [18,19]. In particular, the welding induced longitudinal residual stresses, obtained through an 
experimental measure in the cross section of the joint, were accounted for in the calculation. That is assumed to be an initial condition for the study of 
fatigue crack propagation. As obvious, the comprehensive definition of the residual stress tensor in all material locations is not practical and quite 
expensive, therefore, in several cases it is preferred to get them through numerical models. As far as FSW is regarded, established models for residual 
stress evaluation can be found in [20,21,22,23] such as that proposed by Hattel and colleagues [24]. Comprehensive review articles concerning FSW 
modelling and stress analysis are available in [25,26].  
In this paper a purely FEM based procedure is proposed and tested to simulate the fatigue propagation of multiple three-dimensional cracks in a 
friction stir welded sample. An un-cracked FEM model is used to launch a thermo-mechanical welding simulation, in order to assess the process 
induced residual stress distribution. More precisely, two cracks were introduced at selected locations of the domain before the thermo-mechanical 
simulations, but enforcing virtual material continuity by the application of contact constraints, preventing penetration as well as mutual displacement 
of the crack faces. In this way the cracked FEM model is equivalent to an un-cracked one. Afterwards, such contact constraints were removed, 
allowing the residual stresses to redistribute, leading to a new equilibrium condition. Finally, a fatigue load is applied and the fatigue propagation of 
two cracks is simulated. To validate the proposed method, an analogue simulation of fatigue propagation is carried out in a DBEM environment, 
imposing the residual stresses (calculated in an un-cracked FEM model) as an initial condition and then applying the tensile load. The commercial 
codes ABAQUS and BEASY were used for the finite element and boundary element models, respectively. 
 
Materials and Methods 
 
In this section the developed approach is described. Basically, the procedure is constituted by three consecutive steps, aiming, respectively at the 
creation of the finite element model, the simulation of the welding process, i.e. the definition of the residual stress scenario, and finally the simulation 
of crack propagation. These steps are indicated, in what follows, as pre-setting, welding simulation, and crack propagation. In Figure 1, a flowchart of 
the computational tasks is depicted. Each step is commented in details below. 
  
 
Fig. 1. Flowchart of the proposed FEM procedure. 
 
Pre-setting 
 
Firstly, the geometric model is meshed without modeling the cracks. Subsequently, a thermal analysis is performed in order to obtain a temperature 
distribution in the whole domain. Then, a commercial code (Zencrack), specific for Fracture Mechanics in FEM environment, interacts with Abaqus 
in order to introduce two cracks in the model changing locally the mesh. Then, contact constraints are imposed on the cracks faces in order to prevent 
their separation. Such constraints prevent interpenetration of crack faces as well as relative movements in normal and tangential directions. In 
particular, the crack nodes not belonging to the front line are not merged but only overlapping and have the same displacement and stress value. 
Therefore, this model with constrained crack faces is equivalent to the un-cracked one. Moreover, it is already prepared for the next cracks opening by 
simply removing those contact conditions. 
 
 
Welding process 
 
The friction stir welding process used as benchmark in the present study has been extensively studied by some of the present authors [27,28]. Two 
AA2024-T3 plates were joined in the butt configuration, according to the dimensions indicated in Figure 2. A steel tool featuring a flat shoulder (20 
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mm in diameter) and a smooth pin (larger diameter 6.2 mm, angle of the cone 30° and 3.8 mm height) is rotated at a speed of 1400 rpm, with a 
welding speed of 70 mm/min and a tilt angle of 2°. The rotational and translational movement of the tool, along the welding path shown in Fig. 2, 
produces frictional heating of the underlying components and intimately remixes the base material, leading also to the formation of microstructurally 
different zones [29]. The chemical composition and the main mechanical characteristics of the considered alloy are well known and available in 
literature. The residual stresses distribution generated by the welding process is numerically evaluated by the thermo-mechanical model designed and 
validated by Hattel and coworkers in [30,31]. In this model, the two starting plates are considered as a single body, with uniform material properties 
throughout the domain. For the sake of completeness, the fundamentals of this model are herein reported. An exhaustive description of the 
thermomechanical model is available in [11]. 
 
 
Fig. 2. Model geometry used for FEM and DBEM simulations. 
 
 
The model is based on assumption, commonly accepted, to overlook the material flow [22] because it reduces the computational complexity of 
simulation without penalizing the forecast accuracy. With that hypothesis, the thermo-mechanical problem is brought back to a Lagrangian form for 
which it is possible to calculate the whole problem solution in two distinct moments: thermal and mechanical. The two problems are solved 
sequentially, in particular, the latter after importing the transient temperature distribution inferred at the first step of the analysis. The time-dependent 
temperature distribution is obtained by solving the equation of transient heat conduction, which writes: 
 
   
  
  
 
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
       
              (1) 
 
where cp is the specific heat, T is the temperature, k is the thermal conductivity and       
     is the volumetric heat source term. The tool action is 
mimicked through an appropriate boundary condition that applies to the interface between the shoulder and the specimen. A radial and superficial 
heat flow q, depending on tool position and local yield stress (function of temperature), is imposed on contact area between the tool and the material 
without need to model the probe, as in the following: 
 
         
   
  
  
      
  
                              (2) 
 
where q is the surface heat flux, n is the number of tool revolutions per minute, is the radial position originating from the tool center and σyield is the 
temperature dependent yield stress. In addition, this stress is regulated step by step to allow material softening attributable to microstructural changes. 
The yield stress is adjusted at each step so as to take into account the material softening, attributable to the microstructural changes, due essentially to 
the dissolution of the hardened precipitate caused by heating. For this purpose, it the Myhr and Grong model [32] is adopted, as already suggested in 
[13]. 
The equilibrium equation, solved at the mechanical iteration, is given by: 
 
           .            (3) 
 
In equation (3) ij, j and pj indicate, respectively, the components of the stress tensor and the volume forces. The previously evaluated temperature 
distribution is used to calculate the thermal strain, applied as an internal load in the mechanical model. An implicit numerical scheme, based on the 
adoption of generalized Hooke law and a linear decomposition of strain tensor, are applied together with the expression of thermal deformation. 
Standard flow theory J2 with von Mises yielding surface, dependent on temperature and isotropic hardening, is used to evaluate the development of 
plastic strain [28]. ABAQUS commercial suite is used to implement and solve the thermo-mechanical model. A validation of the model with respect 
to temperature and stress calculation for the considered benchmark can be found in [23,24]. 
The simulation of thermo-mechanical problem consists in a sequence of five calculation steps. In the initial step (Initial), a uniform temperature of 
25°C is introduced throughout the domain. In the second one (HeatIni), a heat source is generated and translating in the third step (HeatMove), along 
the welding path (X axis of the global reference system), simulates the creation of the weld bead. In the fourth one (CoolDown), the joint cooling is 
achieved until the initial temperature is reached. In the fifth step (Releasing), the initial boundary conditions are removed and the new ones are 
introduced to eliminate only degrees of freedom of rigid body. At the end of the latter, the field of residual stresses is produced. The mesh of the un-
cracked model consists of 97624 eight-node linear elements (C3D8), corresponding to 113048 nodes, and the thickness is modeled with a row of six 
hexahedral elements. In addition, as the lateral is a through crack, each block positioned along direction of the front development and for each crack 
side, is replaced by a collapsed block taken from the standard S111 family. Instead, a collapsed block belonging to the standard S04 family is used for 
modeling the central crack. The standard block S111 contains a lot more number of elements than S04 and, thus, permits to evaluate the residual 
stresses more accurately having a greater mesh density. 
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P2 
Crack propagation 
 
The initial residual stress field is firstly evaluated and then the imposed constraints on the cracks faces are removed so that they are free to move and 
to open, redistributing the residual stresses, consequently. Particularly, such a redistribution involves the whole domain. This step is followed by 
imposition of a remote fatigue load, for the simulation of fatigue cracks propagation, guided by a suitable propagation law. It is overstating that the 
cracks propagation stops when the trough the tickness central crack reaches the boundary plate. 
In environment DBEM, the residual stresses calculated in environment FEM for the un-cracked model are imported, transformed in Cauchy stresses 
and applied as tractions on each node of the crack faces elements. In more details, at each mesh point in the BEASY model the nearest FE element is 
located and the local coordinates are identified. Using an interpolation in the element, the FE stress results (displacement or stress) are computed. 
These results are then used to create the traction or displacement boundary condition at that location. The displacement is d irectly used as the 
boundary condition and the stress calculated at the point is converted to a traction using the normal surface. 
The same model used for calculating residual stresses is used for the simulation of fatigue propagation. In this case, carts direct in three directions of 
the global reference system are applied, as boundary conditions, at one end of the joint while in the other it applies a uniform distribution of tractions 
direct along the X axis and equal to 100 MPa. Additionally, at the start of simulation, an initial temperature of 25°C is set to the whole domain in 
accordance with the previously model used for calculating residual stresses. In the model for fatigue propagation there are also constraints that 
prevent the joint bending along the Z axis. In fig. 3, J-paths are shown, arranged along the crack fronts and adequate for an accurate evaluation of 
SIFs profiles. The lateral crack is introduced in the FE model at 97mm from the constrained surface while the central one is positioned at 77mm from 
the same surface. In addition, the lateral crack is through the thickness and has a rectangular shape whose shorter side measures 2.5mm. The central, 
not through the thickness has a semi-elliptical shape and measures 1.9mm for the lower semi-axis and 5.6mm for the larger one. 
 
 
 
Fig. 2. Section planes of the FE model where the cracks are inserted with highlighting of J-Paths along the crack fronts. 
 
In Fig. 3, the points A, B, C, positioned along the crack front and used for tracking the propagation paths are shown. Point C is positioned in the crack 
center, while points A and B correspond to the intersection of the crack with the free joint surface. 
 
 
Methods for calculating fracture parameters 
 
Zencrack, interacting with Abaqus, allows insertion of cracks with the simultaneous replacement of initial hexahedral elements, containing a part of 
the crack front, with collapsed elements; this implies an adaptation of the surrounding mesh that is produced through controlled and gradual 
deformations of neighboring elements. Through Zencrack, insertion of propagation law is also carried out as well as the crack growth and post-
processing of fracture parameters resulting from the calculation. It is important to note that cracks modeling is only possible if the mesh of the starting 
model (un-cracked) is made up of hexahedral elements [33]. Each crack is defined by a set of collapsed blocks that are distinguished in two groups: 
the first, consisting of collapsed facing elements, used for modeling the crack front and taken from a library where they are stored in families; the 
second, consisting of pairs of facing blocks, whose adjacent nodes are separated and used to model the crack faces. Each collapsed block is a set of 
3D elements positioned inside a cube so as to contain each part of the crack front and, therefore, each face can be modeled with only one block or 
multiple adjacent blocks depending on the crack extension. In the crack blocks library, two macro families of collapsed blocks are distinguished: the 
first, containing "standard" blocks; the second, containing the "large" ones. FE simulations shown in this work use "standard" blocks. 
Because of validity of  Linear Elastic Fracture Mechanics (LEFM), the Energy Release Rate can be obtained by computing J-Integral, which in turn is 
directly usable to evaluate the Maximum Energy Release Rate (MERR). This is at basis of the selected criterion to define the direction of cracks 
fatigue propagation. Zencrack exploits the Virtual Crack Extension (VCE) technique, available in Abaqus, to generate multiple virtual crack 
extensions vectors. In cases with tridimensional defects, it is possible to define a normal plane tangent at front, in which up to seven vectors originate 
in the considered node of the front. The angles, defined by each vector with the plane of the crack to extend, differ between each other and determine 
a computing position for the G local. Subsequently, the maximum value is detected. Finally, the angle formed between the plane of the initial crack to 
extend and the vector at which the local G is maximum (MERR) becomes a propagation "direction" for that node. 
This technique is repeated for each node of the crack face and, therefore, it allows to obtain an engineering and realistic front in which each node 
associates a kink angle. 
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The predictive method used to extend the crack is the "forward predictor". At each front node, a maximum user-defined "damax" advancing crack 
increment is applied and introduced into the adopted propagation law. After integration of such law, dN values are obtained in each node of the front. 
Then, between these calculated values, the minimum dN value (dNlow) is detected and applied to all nodes of the crack front. Finally, a new 
integration is made for each node, assuming a constant ratio dG/da along the current crack increment (forward predictor), and the value of the current 
"da" is recalculated at each point of the front corresponding to a cycles number dNlow. 
 
 
Propagation law 
 
Abaqus uses the Contour method for calculating J-integral values, which are subsequently converted from Zencrack code into Stress Intensity Factors 
(SIF) and provided as inputs to the adopted propagation law. 
The residual stresses affect the crack growth as they change the total value of the calculated SIF along the crack front, simultaneously acting on the 
minimum (Kmin) and maximum (Kmax) K, but leaving unaltered the ΔK = Kmax-Kmin. With the Vasudevan model it is considered that the main effect of 
the residual stresses on the crack growth rate is related to the variations of Kmax rather than those of ΔK. Considering a two-parameter model 
(Vasudevan), fatigue propagation of the crack is guided by two driving forces: ΔK and Kmax, so residual stresses can affect the growth rate even if 
they do not affect the ΔK. In addition, this theory considers two fatigue threshold values: Kmax,th and ΔKth, corresponding to the two Kmax and ΔK 
driving forces. Such forces must be greater than the threshold values because the fatigue crack propagates. Since residual stresses affect Kmax levels, a 
propagation stop may occur if they are compressive and have a value such that Kmax is less than Kmax,th. 
 
  
              
               
 
 
 (4) 
The parameters used in the formulation are available in literature and reported in Table 1 (for R = 0.1). 
 
TABLE 1 
Propagation law parameters 
ΔKth Kmax,th A n m 
1834121 3352014 6.745E-23 1.65 0.56 
 
 
In addition to parameters reported in the table, Kc has been computed, within the fatigue cracks propagation, for a minimum constraint condition with 
the following expression: 
 
       
      
 
                                            (5) 
 
where,  t0 = 2.5(KIc/σy)
4
 = 2.5(1008/331)
4 
= 23.2 mm, t = 4 mm is the thickness of the plate and e KIc = 1008 MPa*mm
0.5
 is the plane strain fracture 
toughness. These data are derived from the NASGRO database for Al2024-T3 Clad Plt; LA & HHA. The latter is the material that best approximates 
that used in this work, while the yield stress is σy = 395 MPa, experimentally obtained. 
The    e Kmax used in the Vasudevan formula also consider, in addition to the KI, KII and KIII according to the formulas: 
 
                        (6) 
 
                                 (7) 
 
then:  
 
             
 
     
     
           
          (8) 
 
where          for plain strain and     for plain stress 
 
whilst                                        (9) 
 
However, the KII and KIII values calculated along the crack fronts are negligible in this case, then the propagation is dominated by the only mode I. 
 
It is important to note that the propagation law used in this work is written in terms of K. Zencrack calculates Energy Release Rate (G) and makes a 
conversion to K (K conversion) completely in automatic and for each one of calculation steps. 
 
Alternatively, since propagation takes place in pure mode I, it is possible to rewrite the Vasudevan's proposed law in energys terms, considering 
instead of ΔK the ∆(G1/2) and instead of Kmax and Kmin the (Gmax)
1/2
 and (Gmin)
1/2 
, respectively. 
Therefore, it is possible to write the Kth as: 
 
       
    
     
  
 
  
             (10) 
 
and to rewrite the Gth as: 
 
      
   
        
 
   ,           (11) 
 
since α is a measure of stress triaxiality degree, that may vary between 0 and 1 (α = 0 for plane stress and α = 1 for plane strain condition), and υ is the 
Poisson ratio. The same is true for the Kmax,th and, therefore, it can be rewritten as: 
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            (12) 
 
then,        
    
        
 
           (13) 
 
Finally, the stress ratio R as: 
 
    
 
   
 
  
    
 
  
  and, the Vasudevan law can be rewrite as:        (14) 
 
  
                  
 
                  
 
        (15) 
 
The rewriting and use of Vasudevan's law in energy terms is very important when elastic-plastic material properties are used and if the growth of the 
plastic zone ahead the crack front prevents the Stress Intensity Factors to describe correctly the crack front conditions. 
 
 
Results and Discussion 
 
In fig. 4, the residual stresses field produced at the end of thermo-mechanical simulation is shown for the FSW joint at the releasing step (Step5). 
 
 
Fig. 4. The element nodes located on the crack faces have the same stress and displacement values (Pa*m^0.5). 
 
Following the cooling of the joint, a metal contraction occurs along the direction of the welding path (longitudinal). This contraction is conteracted by 
surrounding base metal. This action of contrast lead to the formation of residual tensile stresses (weld bead) and residual compression stresses 
(externally to the weld bead material) in the welded joint domain. Equilibrium is achieved by combining these stresses in the areas immediately 
surrounding the weld bead. This peculiarity of the welding process can be clearly distinguished from the observation of the residual stress distribution 
shown in fig. 5 where the residual stress profiles are evaluated in the midline of the thickness, at the end of the releasing step and for the virtual un-
cracked configuration. In particular, the solution adopted in this case is obtained from a model where only linear elements (C3D8) are used whilst the 
solution adopted in the FEM-DBEM approach is obtained from a FEM model where only quadratic elements (C3D20) are used. Looking at profiles 
shown in fig. 5, it is clearly visible that some differencies occurs compairing those profiles. The biggest differences are highlighted in the central part 
of the model where the central crack is located. However, this gap can be reduced by increasing the mesh density in correspondence of the central 
crack. 
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Fig. 5. Residual stress profiles evaluated on the section containing the central crack. The σxx contour plot is relative to the eight and twenty nodes FEM solutions. 
 
Initially, in the un-cracked FE model, the only lateral crack is introduced and the SIFs trend along the crack front, produced by the combination of 
residual stresses and those generated by the remote load (100 MPa), are estimated for the only phase of the crack insertion. These SIFs are compared 
with those produced at the end of an analogous DBEM-based analysis (Fig.6). Regarding the FEM-based analysis, among the various collapsed block 
families available in the library, it was chosen to use the one belonging to the S03 family, which introduces a maximum of three ring elements for the 
mapping and three contours for the J-integral calculation. The KI evaluation study, carried out along the front of the only lateral crack, takes place 
considering the residual stress scenario previously calculated. The plastic radius dimension, evaluated along the crack front, is such that it remains 
within the Linear Elastic Fracture Mechanics (LEFM). 
 
   
Fig. 6. KI comparison evaluated along the lateral crack front for the FEM and FEM-DBEM analyses, respectively. 
 
The total stress calculation is made up of two steps. In the first step (step0), the only constraints applied on the crack faces are removed (the crack can 
open), while in the second (step1) also applies the remote load. At the end of the first step, the initial residual stresses relative to the un-cracked model 
(thermo-mechanical analysis) are redistributed throughout the domain. This effect is clearly visible near the cracks (Fig. 7). 
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Fig. 7. Residual stress scenario and highlight of their redistributions near the cracks at the end of the step0 (Pa*m^0.5). 
 
In figure 8, the residual stresses profile, redistributed at the end of the step0, is shown. The effect of this redistribution is clearly visible around the 
area affected by the welding process where residual stresses are opening and in correspondence of the central crack. 
 
 
 
Fig. 8. Redistributed residual stresses profile after removal contact constraints applied on the cracks faces (step0) and evaluated on the section containing the central crack.  
 
The remote load (step1) applies after the step of removing constraints imposed on the crack faces at step0. In figure 9, the overall stresses distribution 
in the load direction is shown with some details of such stresses in the regions affected by the cracks. The total stress is obtained by superposition of 
residual stresses and those produced by the nominal load. 
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Fig. 9. Stress distribution (Pa*m^0.5) at the end of remote load application with highlight of the cracked regions. 
 
Figure 10 shows the overall stresses evaluated along the thickness of the welded joint in the direction of the applied load. 
 
Fig. 10. Domain stress distribution (step1) at the end of the load application and evaluated on the section containing the central crack. 
 
Residual stresses, calculated with a FEM analysis in the whole domain of the un-cracked model, are imported, transformed and applied only on the 
crack faces in an analogous DBEM model. In fig. 11, stresses in the load direction (along the X axis) are shown and evaluated for the DBEM cracked 
model. The adopted mesh is made up of 2084 quadratic elements (Q3) with 29823 nodes. The advantages offered by the use of this numeric method 
are sundry. Indeed, it is not only easier to discretion of the domain, working exclusively on the boundary, but it is also possible to introduce the cracks 
in the un-cracked model by inserting them directly from a library where they are stored in a parametric form. In this case, the residual stresses 
previously calculated in the thermo-mechanical model with finite elements are imported only on the crack faces (Bueckner approach) [34]. The linear 
elasticity hypothesis allows to apply the superposition principle for the SIFs calculation, namely, to add to the imported residual stresses those one 
produced by the remote load. In particular, the Bueckner approach states that the effect produced on SIFs by residual stresses not only can it be 
modeled with a distribution of tractions directly applied on the crack faces, but also that such effect continues to be true even during the fatigue 
propagation phase and that for each crack growth step. 
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Fig. 11. Stress distribution (Pa*m^0.5) at the end of remote load application with highlight of the cracked zones (FEM-DBEM). 
 
In figs. 12a, 12b, the overlapping of the SIFs, calculated with J-Integral and for the two cracks is shown. These results coming from FEM and FEM-
DBEM analyses, respectively. The residual stresses are applied in the DBEM environment not throughout the domain but only on the crack faces. 
Furthermore, such stresses are applied as tractions on the nodes of each element placed on the crack faces. It is important to observe that, in this case, 
the FEM solution used to import the residual stress field is obtained by an analysis in which elements are quadratic with full integration (C3D20). 
A FEM calculation carried out with volume elements, whose interpolation order is quadratic, allows in the DBEM to add a more accurate residual 
stress profile to the crack faces. Of course, cracks discretion would be sufficiently fine to be able to perceive such accuracy. 
 
  
 
Fig. 12a, 12b.  KI profiles evaluated along the lateral and central crack fronts, respectively, at the insertion phase. 
 
In figs. 13a, 13b, the KI evaluated along the lateral and central crack fronts and produced by only residual stresses at the end of the cracks opening 
(step0) are shown. 
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Fig. 13a, 13b.  KI profiles evaluated along the lateral and central crack fronts, respectively, at the insertion phase and obtained considering only residual stresses. 
 
For the lateral crack shown in fig.13a, the difference in KI residual values (within 4%) depends by the adopted mesh in the finite elements analysis. 
As stated before, for the FEM approach linear elements are used whilst quadratic elements are employed to calculate the residual stresses to be 
transferred later in DBEM environment (where quadratic elements are used to model the mesh and the cracks). When the tensile load is applied then 
differences between the total KI increase (fig.12a). 
For both analyses FEM and FEM-DBEM, respectively, the cracks propagation develops in 41 computational steps with a maximum advance of three 
tenths of a millimeter. In fig. 14, the propagation data for the lateral crack only are shown. The maximum differences, measurable at the end of the 
propagation between the measurement points A and B, and FEM, FEM-DBEM analyses, are within a range of about a tenth of a millimeter and are 
equal to 4%, highlighting a good agreement. Similarly for the point C, cracks measurements at the end of the propagation show that maximum 
difference is within the limit of 3%. 
 
 
Fig. 14.  Overlap of the a-N trends for the three measurement points during the propagation of the lateral crack only. 
 
In fig. 15, the propagation data for the only central crack are shown. The maximum difference, measured between the measuring points A and B at the 
end of the propagation and for the FEM and FEM-DBEM analyses is within a range of 0.5 millimeters and equal to 6%. For the calculated 
measurements of points C this difference is within 4% showing a good agreement also in this case. 
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Fig. 15. Overlap of the a-N trends for the three measurement points during the propagation of the central crack only. 
 
The data shown in figs. 14-15, highlight a satisfactory agreement of numerical results produced by FEM and FEM-DBEM analyses and allow to 
validate the proposed procedure in this work. 
 
 
CONCLUSIONS 
 
In this work, the fatigue propagation of multiple three-dimensional cracks in a welded component are simulated by both FEM and FEM-DBEM 
approaches. Taking into account the discussed results, the following conclusions can be highlighted: 
 
 The simulations of the un-cracked model and the cracked one, where contact conditions are applied on the crack faces, lead to the same residual 
stress field, as can be seen from the comparison of the initial residual stress profiles. 
 in the FEM model, the relaxation of the contact conditions applied on the crack faces allows the residual stresses to redistribute leading to a new 
internal, as in the DBEM model; 
 both models account for residual stress effect on crack growth rate; 
 the proposed FEM approach does not require any importation of residual stress distribution, differently from the FEM-DBEM model; 
 the proposed procedure introduce the capability for SIFs calculation in a cracked model with elastic-plastic material properties and with an initial 
residual stress scenario, by introducing an elastic-plastic tip; 
 a satisfactory agreement between the FEM and FEM-DBEM simulations was found with respect to the cracks evolution for each propagation 
step; 
 the use of linear elements to calculate the residual stress field and the cracks propagation by FEM simulation allow to reduce the computational 
times.  
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Highlights 
 
 A FEM based methodology for the simulation of multiple crack propagation is presented. 
 Residual stresses are calculated starting from a cracked but virtually continuous component. 
 The procedure was validated by comparison with a FEM-DBEM approach. 
 
